In a recent observational study on a sample of patients with herniated lumbar discs who underwent physiotherapy, the recovery rate of those who chose physiotherapy rather than surgery, as recommended, was not appreciably different from that of the other patients, although their prognosis was worse. To investigate whether this finding was due to a confounding effect induced by unobserved features of the patients, we fit a latent class model for the joint distribution of compliance, participation rate and recovery, given the individual attitude (modelled as latent variable) and a set of covariates. The usual assumption of local independence is relaxed in favour of conditional association between the observed variables given the latent one. The results indicate that the latent classes may be interpreted as dividing the patients according to whether they are highly versus moderately motivated towards physiotherapy: conditionally on the covariates, the more motivated subjects attend a larger number of therapy sessions and benefit much more from the therapy. In addition, the fact that the proportion of less motivated patients among non-compliers is very small may be due to a self-selection mechanism, which may explain the surprisingly good performance of physiotherapy for these patients.
Introduction
This paper describes the use of a latent class model to explain the puzzling finding of a recent observational study that patients with lumbar disc herniation (LDH) who had been recommended surgical treatment but instead underwent physiotherapy did as well as two other groups of patients in the same sample, one to whom physiotherapy had been recommended and another who had not been examined by any neurosurgeon. However, the original groups of patients were not randomized, so it may be argued that the conclusion of no difference in the outcome neglects
unobserved features of the patients which may be related both to non-compliance and to recovery. Our model allows for a non-observable variable U, which, conditional on the covariates, may affect a set of observed variables indicating: (i) whether or not the patient was examined by a surgeon and, if so, whether or not he or she was recommended for surgery, (ii) the keenness shown towards the therapy (indicated by full attendance or not of the physiotherapy sessions) and (iii) the clinical outcome Y. In this context, it is also crucial to be able to detect whether there is a direct effect among these responses, thus violating the usual assumption of conditional independence; this requires use of recent extensions of latent class models, see for instance Stanghellini and Van Der Heijden (2004) or Bartolucci and Forcina (2006) . Thus, our paper may be described as an attempt to use recent theoretical advances in an applied context involving selection and confounding.
The results of the latent class model analysis seem to suggest that, taking into account all the other observed characteristics, there is a significant difference in the probability of improvement between the two latent classes emerging from the analysis. Together with the result that the latent variable seems to influence attendance, this suggests a possible interpretation of this variable as something like the degree of motivation which would be higher for those patients who resorted to physiotherapy in order to avoid surgery, to the point of compensating for the possible negative effects of an overall worse medical condition.
The structure of the paper is as follows. In Section 2, we describe the data, i.e. the characteristics of the sample and the variables that were observed and give a brief summary of the results of the original study. The latent class models which were subsequently adopted and the relative statistical analysis are reported in Section 3. Conclusions and a critical discussion are the object of Section 4.
The data collection
LDH is a pathology of the intervertebral discs which causes lower-back pain and/or leg pain (sciatica): see Millette and Fardon (2001) . Surgical intervention gives good results in a high percentage of cases, but does not cure the discal problem in all its complexity and has a complication rate of nearly 25%. Apart from the cases of 'red flags' i.e., some well-established signs and symptoms such that hospital admission of the patient is urgently warranted, the best therapy with which to treat LDH is still controversial and the resort to physiotherapy options is becoming more and more common (Awad and Moskovich, 2005) . To help investigate if and to what extent physiotherapy is beneficial as an alternative to discectomy, a prospective observational study has been recently carried out on a sample of 135 patients, 74 men and 61 women, all affected by LDH, who in the year 2004 were treated at a medical centre (Back Clinic, Bologna, Italy) specialized in physiotherapy (Giovagnoli and Marzialetti, 2010 ). An intention-to-treat approach was followed, namely the patients who had not completed the treatment were also included in the sample, apart from just a few whose reasons for discontinuing the therapy were patently not Statistical Modelling 2011; 11(4): 311-324 July 29, 2011 18:23 02-SMJ-11-4 Non-compliance in surgical patients with herniated lumbar discs 313 related to the treatment itself, such as for instance excessive distance of the medical centre from their homes. We stress that the subjects observed were not a random sample of the whole population of LDH patients, however, they can be regarded as a fairly representative sample of LDH patients who undertake some physiotherapeutic treatment.
The following information was recorded: sex, age, occupation or other activity, type of sport practised (if any) and possible prolonged use of car during the course of the day. Furthermore, some parameters of clinical relevance were included, namely: pain localization (whether lumbar, lower limb or both), whether the patient had taken cortisone (as a proxy for the presence of intense pain), outcome of the LasegueWasserman test carried out on the patient by the physician, presence or absence of neurological deficits. Another set of questions were related to the therapy: the surgeon's recommendation, if any; the time elapsed since insurgence of pain to the start of physiotherapy; the number of sessions attended (a typical complete cycle consists of 12 sessions); other information of purely medical interest was ignored in the subsequent statistical analysis. The response of main interest was the degree of improvement (or lack thereof) of the patient. This was measured as is customary, at the end of the treatment where the doctor asks the patient to indicate the intensity of pain he or she is experiencing on a scale from 10 to 0 where 10 stands for the degree of pain at the start of the therapy and 0 indicates lack of pain. Then the patient was contacted again by the medical staff about a couple of weeks later and was asked the same question. The patient's degree of improvement was assessed by the doctors, on the basis of the two interviews and objective symptoms, according to one of the following categories:
• stable or worse, • partially improved, • much improved and • completely recovered.
This four-level ordered categorical variable was taken to be the response variable Y.
In Giovagnoli and Marzialetti (2010) , the data are analysed applying ordinal logistic regression. The degree of improvement did not appear to depend on sex or the age group. Practising physically demanding sports or occupational car use seemed to significantly lead to a worse prognosis. The different localization of pain also seems to be significant: lower-limb pain (sciatica) has a poorer prognosis, a wellknown fact in medical practice. However, none of the other usual clinical indicators seemed to be a reliable predictor of the outcome. The recovery rates of patients who interrupted physiotherapy after less than 10 sessions were significantly lower than the remaining ones, but establishing a causal relation that poor recovery is due to early stoppage would be unwise: two of the patients who interrupted the treatment at an early stage were reported with complete remission of pain, which is probably the reason why they stopped.
Statistical Modelling 2011; 11(4): 311-324 As Table 1 shows, before starting physiotherapy, 80 patients in the dataset had been examined by a neurosurgeon: in 18 of those cases, the surgeon had indicated the need for surgery, but the indication had been disattended by the patients, who had chosen physiotherapy instead. In the other 62 cases, the need for a surgical operation had been ruled out by the surgeons themselves. Table 1 shows the relative distribution of the outcomes of the therapy conditional on being examined by a surgeon or not, and conditional on the surgeon's recommendation.
The data in this table show that there is no significant difference in the recovery rate between patients who were recommended surgery and those who were recommended conservative treatment, but one must not forget that the first column (the so-called 'non-compliers') relates to a self-selected group. It should be noted that the use of the term 'non-compliance' is different from the typical usage. The non-compliance here indicates that the patients did not follow the surgeon's suggestion and were thus self-selective in treatment. However, the groups defined on the basis of the surgeon's suggestion are not comparable groups in the first place because they are also selected groups (by surgeons). So the groups are first selected by surgeons and then self-selected.
A final comment on the data: to the best of our knowledge, only four patients in the sample did undergo discectomy shortly after the end of the treatment (and were consequently classified in the 'Stable or Worse' category): two had been recommended physiotherapy and two had not received any surgical assessment. None of them was in the subgroup directed to surgery.
Methods and results

Description of the data
The model described below assumes that the responses, namely the variables describing the observed behaviour of the patients, depend on a latent variable and covariates (all the other explanatory variables mentioned in Section 2). For convenience, all the variables used in the statistical analysis that follows are listed in Table 2 .
Statistical Modelling 2011; 11(4): 311-324 As regards the responses, Z stands for the presence or absence of surgical assessment and consequent recommendation (three levels), S indicates whether or not the therapy was completed and Y is the outcome of the treatment coded as in Section 2 (four levels). The covariates were coded as binary variables, apart from DFCT, which was given three levels 0, 1, 2, corresponding to no neurological deficiencies, just one type (either sensory or mobility loss) or both types. The rationale behind the binary coding was to assign value 1 to the category whose effect on the response was expected to be more relevant and clumping into 0 all the remaining categories and the missing values. This is equivalent to imputing missing values as lacking the characteristic of interest; due to the very small number of missing values for each covariate, this choice should not be critical.
The extended latent class model
The model assumes that the response variables Z, S, Y depend on the covariates and a latent variable U which is intended to capture residual unobserved individual heterogeneity. The limited size of the dataset and the need to define models which are at least locally identifiable has forced us to assume that U is binary; the implications of this choice are discussed in Section 4. Because in the present context Statistical Modelling 2011; 11(4): 311-324
we want to investigate whether Z has a direct effect on S and Y, and whether S has a direct effect on Y, we apply recent extensions of latent class models which allow for conditional associations among responses and dependence on covariates. Our approach consists in factorizing the joint distribution of (U, Z, S, Y|x), where x denotes the vector of the individual covariates defined in Table 2 , into a recursive set of univariate distributions modelled by an appropriate set of logits as described below. For each logit, x V denotes the subset of covariates relevant for the logit of V, where V is one of the responses and β V a corresponding vector of unknown parameters:
(i) a logit model for the distribution of U|x
(ii) two continuation logit models for the distribution of Z|U, x
The type of logits have been chosen in order to suit the nature of the different variables. The continuation logits for Z|U, x allows to model both the odds of being examined by a surgeon and the odds of being recommended surgery and not complying conditionally on a surgical examination. The global logits for Y|S, Z, U, x combined with a proportional odds model relative to the covariates and the latent is equivalent to assuming that there is an underlying continuous response for which a linear regression with logistic errors holds.
Maximum likelihood estimates of the parameters may be computed by an expectation-maximization algorithm which is an adaptation of the algorithm Statistical Modelling 2011; 11(4): 311-324 -11-4 Non-compliance in surgical patients with herniated lumbar discs 317 described in Bartolucci and Forcina (2006) . Essentially, the M-step consists in maximizing a multinomial likelihood while the E-step is equivalent to computing the 'posterior' distribution of the latent given the data and the parameter estimates. Although the likelihood factorizes conditionally on covariates, the six logit models are estimated simultaneously. A set of MATLAB functions for fitting such models has been implemented by Antonio Forcina and is available on request. With suitable expertise, the models could also be fitted by Latent GOLD or equivalent software. Standard errors are derived from the expected information matrix of the observed (incomplete) data by differentiating the manifest likelihood.
Model selection
Our first step in model choice was to test for independence of the responses (Z, S, Y) conditional on the latent variable and the covariates x; this hypothesis is equivalent to constraining the parameters δ S Z1 , δ S Z2 , δ YZ1 , δ YZ2 and δ YS to 0. The initial estimates also suggest that we may set δ ZU = 0, which is equivalent to assuming that the chance of a surgical examination is not affected by the latent variable. The above set of six parameters were found to be individually non-significant by the z-ratio test; furthermore, the likelihood ratio obtained by removing all six parameters simultaneously is small (l.r. = 2.28 with p-value = 0.89), thus the corresponding parameters may be removed from the model. The second step was to refine the choice of covariates x relevant to the responses (Z, S, Y). Both CORT (use of cortisone) and LW (positive LW test), taken one at a time, have a significant effect on Z, namely on the odds of undergoing a surgical examination and, if so, of being recommended surgery and not complying. However, when both were included in the model, LW was no longer significant. No covariate effect on S was detected; LW has a positive effect which, however, is not significant. The effect of covariates on the outcome Y was studied in more detail and estimates and p-values are given in Table 3 .
In addition, though practice of a physically demanding sport seems to be slightly significant, this is no longer so when the other non-significant covariates are removed; thus, we have no longer considered SPRT on the list of covariates.
Parameter estimates, asymptotic standard errors and p-values for the proposed final model are given in Table 4 . Most parameter estimates are highly significant with three relevant exceptions:
• the large negative value of η Z2 indicates that Pr(Z = 2 | U = 0, x) is close to 0; • the large positive value of η Y1U means that Pr(Y ≥ 0 | U = 1, x) is close to 1 and • the large negative value of δ YU indicates that Pr(Y ≥ 1 | U = 0, x) is close to 0.
The evidence presented in Section 3.4 shows that the three large standard error are not due to lack of model identifiability but to the fact that the variance estimates provided by the information matrix are not reliable when the corresponding parameter is linked to a probability very close to 0 or 1.
The posterior probabilities of belonging to latent class 1 displayed in Table 5 refer to a hypothetical patient with covariates equal to the overall average; they throw some more light on the nature of the latent and will be discussed in Section 4.
Model checking
Analytic methods for checking identifiability of extended class models are not available, hence the numerical approach described by Forcina (2008) On a sample of 2000 parameter points, the ICN was larger than 0.001, 95% of the times and never below 10 −6 . Considering that the Jacobian is close to singular when the ICN is below 10 −15 and that the ICN at the estimated model is 0.0065, we can be highly confident that the model is well identified.
It is well known that, when modelling discrete responses with individual covariates, consistent estimates of the saturated model do not exist, thus a measure of model adequacy, like the deviance, is not available. However, a visual appreciation of the model fit may be provided by Figure 1 which displays fitted frequencies and residuals for the joint distribution of (Z, S, Y) after marginalizing with respect to covariates. The chi-square measure of discrepancy for the 24 cells equals 8.79.
To answer the question whether the latent variable corresponds to a substantive feature of the data and is not a numerical artefact, we have assumed that individual heterogeneity is fully explained by covariates and tried to fit a model to the observed distribution of (Z, S, Y | x) with a complexity comparable to the latent class model. This is achieved by modelling jointly (Z | x), (S | Z, x) and (Y | Z, S, x) with the same type of logits. Because certain conditional independencies disappear when collapsing with respect to the latent, this model requires 18 parameters and its log-likelihood equals -318.96 against -311.39 of the latent class model with 17 parameters. A small simulation experiment was run in order to assess the ability of the latent class model to recover the true underlying distribution even in an unfavourable context where some probabilities are close to 0 or 1. For each patient with covariate x, the response of a simulated patient was sampled from the estimated probability of (U, Z, S, Y | x), giving a new sample with the same structure of covariates as in the original sample. For a set of 1000 such samples, the parameter estimates for the latent class model were computed and the estimation errors in two specific samples, chosen as described below, and for the average over the simulation are displayed in Figure 2 . Let θ denote the vector of true parameter values as listed in Table 4 ,θ its estimate in a single sample andθ the average over the simulation; the observed covariance matrix Var(θ ) was estimated as (θ −θ)(θ −θ) /999. Samples were ordered according to the value of the Mahalanobis distance D = (θ −θ) Var(θ) −1 (θ −θ) and, for the samples which, relative to D, ranked at the lowest 25% and upper 75%, the values of the standardized errors r j = (θ j − θ j )/ Var(θ j ) were plotted on the vertical axis. Standardized errors for the average estimate over the 1000 samples are also included. Note that the average estimate is always very close to the truth, however, for a few parameters, the average error (which is also affected by samples with very poor estimates) may be higher than the error in a single sample. Though most observed variances were rather close to those computed from the expected information matrix, for the three parameters with large absolute value, the sample variance was substantially smaller than the asymptotic approximation (which was expected to provide a poor approximation).
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Interpretation of the results
We now comment briefly on the most relevant estimates displayed in Table 4. 1. η U is significantly positive, which means that the probability of belonging to latent class U = 1 is higher than U = 0. 2. η Z1 is positive: this indicates that, conditionally on the covariates, the odds are in favour of a surgical examination (Z > 0 versus Z = 0), a fact which, however, does not depend on U. 3. Within patients examined by a surgeon, η Z2 negative and large indicates that the probability of being in the group of non-compliers is negligible when U = 0; when U = 1 this is determined by η Z2U and is around 0.17. 4. The fact that δ SU is positive means that the probability of S = 1 (attending at least 10 physiotherapy sessions) is greater for patients with U = 1 relative to those with U = 0. 5. The large negative value of δ YU , combined with the large positive value of η YU , indicates that going from U = 0 to U = 1 while keeping the other explanatory variables constant, the Y distribution shifts towards higher values, namely patients in the latter group have a better chance of improving or recovering completely. 6. The non-significance of δ S Z1 , δ S Z2 , δ YZ1 , δ YZ2 and δ YS shows that conditionally on the latent class and the covariates, the three responses Z, S and Y are independent. In particular, the probabilities of recovering to some extent after physiotherapy are independent of the surgeon's assessment.
The features highlighted in 3, 4 and 5 above seem to suggest that patients in latent class U = 1 are more motivated relative to those with U = 0, as they tend to complete the therapy and get better results. In addition, all non-compliers (i.e., individuals with Z = 2) seem to belong to this group. As regards the effect of the covariates x on Z, the fitted model seems to indicate that patients who make use of cortisone have higher probability of being examined by a surgeon (Z ≥ 1) than the others. If examined by a surgeon, then they have a higher probability than the others of being in the group Z = 2 (non-compliers with the surgical assignment) than in the group Z = 1 (directly assigned to physiotherapy). This effect, which must be interpreted keeping all the other measured covariates constant, is, in our opinion, an indication of the process that leads surgeons to assign patients to an operation, since cortisone is usually prescribed only in case of severe pain.
As regards the relation between the covariates and the outcome of the therapy, as is to be expected, age, a long time spent daily in car driving and a sedentary occupation appear to be negative prognostic factors. In addition, the probabilities of improving or recovering are smaller also in patients who suffer from neurological deficits, a well-known fact among clinicians. Early resort to physiotherapy (LAG less than 3 months) appears to have a positive effect on the prognosis, but a word of Statistical Modelling 2011; 11(4): 311-324
warning applies, as this result does not take into account the natural history of LDH (Benoist, 2002) : it is known that there is a fair probability of healing spontaneously in the first few weeks, so a further self-selection mechanism may act among those patients who wait for a longer time before starting the therapy.
In conclusion, taking into account all the other observed characteristics, there is a significant difference in the probability of improvement for patients in the two latent classes. Patients who are highly motivated in undergoing physiotherapy appear to have a higher probability of recovering, keeping constant all the other prognostic factors. However, conditionally on the latent variable, the probability of improvement is the same whether or not the patient was recommended for surgery and whether or not he/she completed the physiotherapeutic treatment.
Discussion and some concluding remarks
This paper fits an extended latent class model to adjust for individual heterogeneity in a sample presumably affected by self-selection (undergoing physiotherapy rather than recommended surgery and attending a sufficient number of sessions). Since there is substantial evidence that our latent class model is a reasonable approximation to the data generating mechanism, response patterns are then compared within latent classes of patients which are exchangeable relative to their attitude to the choice variables and response to the treatment.
Our conclusions rest on the crucial assumption that
The decision of the doctor who recommends surgery is based on clinical indicators and thus is independent of the individual latent U.
This assumption seems fairly plausible, on a priori grounds, but cannot be tested within our context where selection acts as a truncation mechanism, in other words we do not observe patients who comply with the surgical recommendation. It implies that the proportion of subjects with U = 0 (and therefore U = 1) should be the same irrespective of the surgeon's recommendation. If so, the differences of the distribution of U given Z, which we observe in the sample, must be induced by the selection mechanism. Table 5 reports the estimated probabilities of U = 1 given Z for a hypothetical patient with the covariates posed at their average values. While the overall probability of patients with U = 1 is about 0.84, it rises to nearly 1 among patients with Z = 2 (non-compliers). The fact that the estimated proportion of patients with U = 1 is much larger when Z = 2 indicates that those who do not comply are likely to be a self-selected subsample within those who were recommended surgery. This also implies that, among those who resorted to surgery as recommended, there should be a much larger proportion of patients who belong to latent class 0, though no data are available to check this inference. Table 5 also shows that the estimated proportion of U = 1 is as small as 0.27 within patients who did not complete the therapy (S = 0). 
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This could be interpreted as evidence that patients with U = 0 are less motivated because completing the therapy means taking the trouble of going to the sessions and enduring pain while hoping for the treatment to show its effects. On the whole, about 89% of the patients completed the therapy, a percentage that rises to 96 among non-compliers.
The fact that selection acts as a truncation mechanism distinguishes our model from the selection models appearing in the biomedical literature, in which it acts as a censoring mechanism: see the review in Bhattacharya et al. (2006) . In the class of models considered within that literature, the covariates are observed for all units in the sample, and the responses are missing in a selective way. It is then possible, for each unit, to build an indicator of whether the responses are observed or not. This allows augmentation of the model by an equation in which the indicator is considered as a response variable and therefore regressed against the explanatory variables. The possible sources of distortion are then taken into account by allowing correlation among the residuals of the equations.
Finally, the choice of a binary U, due to the small size of the sample relative to the dimension of the model, may have forced within the same latent class subjects with slightly different response probabilities. The main consequence of this potential misspecification would be to induce correlation between responses conditional on the latent class, a fact that could have led to the detection of apparent direct effects between responses conditional on the latent. Such effects, however, have not been detected. Bartolucci F and Forcina A (2006) 
